




















































Non-linear 
Equations 

Diabatic CSTR
Steady-State Solutions

B. Wayne Bequette; Professor of Chemical and Biological Engineering, Rensselaer Polytechnic Institute



Background
The most important unit operation in a chemical process is generally a 

chemical reactor. Chemical reactions are either exothermic (release energy) 

or endothermic (require energy input) and therefore require that energy 

either be removed or added to the reactor for a constant temperature to be 

maintained. Exothermic reactions are the most interesting systems to study 

because of potential safety problems (rapid increases in temperature, 

sometimes called "ignition" behavior) and the possibility of exotic behavior 

such as multiple steady-states (for the same value of the input variable there 

may be several possible values of the output variable).
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Background
In this module we consider a perfectly mixed, continuously 
stirred tank reactor (CSTR), shown in Figure 1. The case of a 
single, first-order exothermic irreversible reaction, A --> B. We 
will show that very interesting behavior that can arise in such 
a simple system.
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The Modeling Equations
dVρ
dt

= Finρin-Foutρ

dVCA
dt

= FCAf-FCA − rV

d Vρcp T−Tref
dt

= Fρcp Tf − Tref -Fρcp T − Tref + −ΔH Vr − UA(T − Tj)

Finρin=Foutρ Fin=Fout = FdVρ
dt

= 0
dV
dt

= 0
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The Modeling Equations

f1 CA, T = dCA
dt

= F
V

(CAf-CA) − r

f2 CA, T = dT
dt

= F
V

(Tf-T) + −ΔH
ρcp

r − UA
Vρcp

T − Tj

r = r0exp
−ΔE
RT

CA
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Steady State Solutions

dCA/dt = 0 and dT/dt = 0

𝐟𝐟𝟏𝟏 𝐂𝐂𝐀𝐀,𝐓𝐓 = 𝐝𝐝𝐂𝐂𝐀𝐀
𝐝𝐝𝐝𝐝

= 𝐅𝐅
𝐕𝐕

(𝐂𝐂𝐀𝐀𝐀𝐀-𝐂𝐂𝐀𝐀) − 𝐫𝐫𝟎𝟎𝐞𝐞𝐞𝐞𝐞𝐞
−𝚫𝚫𝐄𝐄
𝐑𝐑𝐑𝐑

𝐂𝐂𝐀𝐀=0

𝐟𝐟𝟐𝟐 𝐂𝐂𝐀𝐀,𝐓𝐓 = 𝐝𝐝𝐝𝐝
𝐝𝐝𝐝𝐝

= 𝐅𝐅
𝐕𝐕

(𝐓𝐓𝐟𝐟-𝐓𝐓) + −𝚫𝚫𝐇𝐇
𝛒𝛒𝐜𝐜𝐩𝐩

𝐫𝐫𝟎𝟎𝐞𝐞𝐞𝐞𝐞𝐞
−𝚫𝚫𝐄𝐄
𝐑𝐑𝐑𝐑

𝐂𝐂𝐀𝐀 −
𝐔𝐔𝐔𝐔
𝐕𝐕𝛒𝛒𝐜𝐜𝐩𝐩

𝐓𝐓 − 𝐓𝐓𝐣𝐣 =0
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Reactor Parameters

Parameter case 1 case 2 case 3

F/V, hr-1 1 1 1
k0, hr-1 14,825*3600 9,703*3600 18,194*3600

(-∆H), kcal/kgmol 5215 5960 8195
E, kcal/kgmol 11,843 11,843 11,843
ρcp, kcal/(m3°C) 500 500 500

Tf, °C 25 25 25
CAf, kgmol/m3 10 10 10

UA/V, kcal/(m3°C hr) 250 150 750
Tj, °C 25 25 25
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MATALB M-Function Files

fsolve (An MATLAB built-in solver for solving systems of 

nonlinear equations of several variables)

X = fsolve(FUN,X0,OPTIONS)

You need to input an M-function file(FUN)  to define the 

systems of equations and a vector of initial guesses X0.
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MATALB M-Function Files

cstr_ss.m (an M-function for defining the 

two equations (mass and energy balance), which was 

developed by Prof. Bequette of RPI.)  The M-file is 

uploaded to ChE394 course Blackboard.

CSTR_PAR.m (An M-file for saving the CSTR reactor 

parameters as a script file). 
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MATALB M-Function Files
function f = cstr_ss(x)
%
% 2-state diabatic CSTR model
% Use fsolve to find steady-state concentration and temperature
%
% The call statement from the command window is:
%
%   x = fsolve('cstr_ss',x0);
% 
% where x is the solution vector (x = [conc;temp])
% and x0 is an initial guess vector
%
% define the following global parameter so that values
% can be entered in the command window
%     global CSTR_PAR
% parameters (case 2)
% CSTR_PAR(1):  frequency factor (9703*3600)
% CSTR_PAR(2):  heat of reaction (5960)
% CSTR_PAR(3):  activation energy (11843)
% CSTR_PAR(4):  density*heat cap. (500)
% CSTR PAR(5):  heat trans coeff * area (150)
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Solutions & Interpretation
Case 2 values are shown in the function code. There are three possible 
solutions depending on the initial guesses for the states. Before calling 
fsolve, we need to define CSTR_PAR as global variables. 
Guess 1 - High concentration (low conversion), Low temperature. Here 
we consider an initial guess of CA = 9 and T = 300 K.
x = fsolve('cstr_ss', [9; 300]);
x =
8.5636
311.1710
so the steady-state solution for guess 1 is     CAS

TS
= 8.5636

311.2

, which is high concentration (low conversion) and low temperature.
11



Solutions & Interpretation

Guess 2 - Intermediate concentration and temperature. 
Here we consider an initial guess of CA = 5 and T = 350 K.
x = fsolve('cstr_ss', [5; 350]);
x =
5.5179
339.0971
so the steady-state solution for guess 2 is 

CAS
TS

= 5.5179
339.1 .
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Solutions & Interpretation

Guess 3 - Low concentration and high temperature. Here 
we consider an initial guess of CA = 1 and T = 450 K.
x = fsolve('cstr_ss', [1; 450]);
x =
2.3589
368.0629
so the steady-state solution for guess 3 is 

CAS
TS

= 2.3589
368.1 .
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Solutions & Interpretation

Guess and Solution Guess 1 Guess 2 Guess 3

x0(1), CA guessed 9 5 1

x0(2), T guessed 300 350 450

x(1), CA solution 8.564 5.518 2.359

x(2), T solution 311.2 339.1 368.1
14



356 LINEAR REGRESSION

14.1 Given the data
0.90 1.42 1.30 1.55 1.63
1.32 1.35 1.47 1.95 1.66
1.96 1.47 1.92 1.35 1.05
1.85 1.74 1.65 1.78 1.71
2.29 1.82 2.06 2.14 1.27

Determine (a) the mean, (b) median, (c) mode, (d) range,
(e) standard deviation, (f) variance, and (g) coefficient of
variation.
14.2 Construct a histogram from the data from Prob. 14.1.
Use a range from 0.8 to 2.4 with intervals of 0.2.
14.3 Given the data

29.65   28.55   28.65   30.15   29.35   29.75   29.25
30.65   28.15   29.85   29.05   30.25   30.85   28.75
29.65   30.45   29.15   30.45   33.65   29.35   29.75
31.25   29.45   30.15   29.65   30.55   29.65   29.25

Determine (a) the mean, (b) median, (c) mode, (d) range,
(e) standard deviation, (f) variance, and (g) coefficient of
variation.
(h) Construct a histogram. Use a range from 28 to 34 with

increments of 0.4. 
(i) Assuming that the distribution is normal, and that your

estimate of the standard deviation is valid, compute the
range (i.e., the lower and the upper values) that encom-
passes 68% of the readings. Determine whether this is a
valid estimate for the data in this problem.

14.4 Using the same approach as was employed to derive
Eqs. (14.15) and (14.16), derive the least-squares fit of the
following model:

y = a1x + e

That is, determine the slope that results in the least-
squares fit for a straight line with a zero intercept. Fit the
following data with this model and display the result
graphically.

x 2 4 6 7 10 11 14 17 20
y 4 5 6 5 8 8 6 9 12

14.5 Use least-squares regression to fit a straight line to

x 0 2 4 6 9 11 12 15 17 19
y 5 6 7 6 9 8 8 10 12 12

Along with the slope and intercept, compute the standard
error of the estimate and the correlation coefficient. Plot the
data and the regression line. Then repeat the problem, but
regress x versus y—that is, switch the variables. Interpret
your results.
14.6 Fit a power model to the data from Table 14.1, but use
natural logarithms to perform the transformations.
14.7 The following data were gathered to determine the 
relationship between pressure and temperature of a fixed
volume of 1 kg of nitrogen. The volume is 10 m3.

T, °C −40 0 40 80 120 160
p, N/m2 6900 8100 9350 10,500 11,700 12,800

Employ the ideal gas law pV = nRT to determine R on the
basis of these data. Note that for the law, T must be expressed
in kelvins.

14.6 CASE STUDY continued

best-fit line follows a Gaussian distribution, and that the standard deviation is the same at
every value of the dependent variable. These assumptions are rarely true after transforming
data.

As a consequence of the last conclusion, some analysts suggest that rather than using
linear transformations, nonlinear regression should be employed to fit curvilinear data. In
this approach, a best-fit curve is developed that directly minimizes the untransformed
residuals. We will describe how this is done in Chap. 15.

PROBLEMS
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15.6 CASE STUDY 375

15.6 CASE STUDY continued
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FIGURE 15.5
Plots of predicted versus measured values of the oxygen mass-transfer coefficient as computed
with multiple regression. Results are shown for (a) log transformed and (b) untransformed cases.
The 1:1 line, which indicates a perfect correlation, is superimposed on both plots.

The result is shown in Fig. 15.5.

PROBLEMS

15.1 Fit a parabola to the data from Table 14.1. Determine
the r2 for the fit and comment on the efficacy of the result.
15.2 Using the same approach as was employed to derive
Eqs. (14.15) and (14.16), derive the least-squares fit of the
following model:

y = a1x + a2x2 + e

That is, determine the coefficients that result in the least-
squares fit for a second-order polynomial with a zero inter-
cept. Test the approach by using it to fit the data from
Table 14.1.
15.3 Fit a cubic polynomial to the following data:

x 3 4 5 7 8 9 11 12
y 1.6 3.6 4.4 3.4 2.2 2.8 3.8 4.6

Along with the coefficients, determine r2 and sy/x .

15.4 Develop an M-file to implement polynomial regres-
sion. Pass the M-file two vectors holding the x and y
values along with the desired order m. Test it by solving
Prob. 15.3.
15.5 For the data from Table P15.5, use polynomial
regression to derive a predictive equation for dissolved
oxygen concentration as a function of temperature for the
case where the chloride concentration is equal to zero.
Employ a polynomial that is of sufficiently high order that
the predictions match the number of significant digits dis-
played in the table.
15.6 Use multiple linear regression to derive a predictive
equation for dissolved oxygen concentration as a function of
temperature and chloride based on the data from Table P15.5.
Use the equation to estimate the concentration of dissolved
oxygen for a chloride concentration of 15 g/L at T = 12 °C.
Note that the true value is 9.09 mg/L. Compute the percent
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14.8 Beyond the examples in Fig. 14.13, there are other
models that can be linearized using transformations. For
example,

y = α4xeβ4 x

Linearize this model and use it to estimate α4 and β4 based
on the following data. Develop a plot of your fit along with
the data.

x 0.1 0.2 0.4 0.6 0.9 1.3 1.5 1.7 1.8
y 0.75 1.25 1.45 1.25 0.85 0.55 0.35 0.28 0.18

14.9 The concentration of E. coli bacteria in a swimming
area is monitored after a storm:

t (hr) 4 8 12 16 20 24
c (CFU/100 mL) 1600 1320 1000 890 650 560

The time is measured in hours following the end of the storm
and the unit CFU is a “colony forming unit.” Use this data to
estimate (a) the concentration at the end of the storm (t = 0)
and (b) the time at which the concentration will reach
200 CFU/100 mL. Note that your choice of model should
be consistent with the fact that negative concentrations are
impossible and that the bacteria concentration always de-
creases with time.
14.10 Rather than using the base-e exponential model
(Eq. 14.22), a common alternative is to employ a base-10
model:

y = α510β5 x

When used for curve fitting, this equation yields identical
results to the base-e version, but the value of the exponent
parameter (β5) will differ from that estimated with Eq.14.22
(β1). Use the base-10 version to solve Prob. 14.9. In addi-
tion, develop a formulation to relate β1 to β5.
14.11 Determine an equation to predict metabolism rate as a
function of mass based on the following data. Use it to pre-
dict the metabolism rate of a 200-kg tiger.

Animal Mass (kg) Metabolism (watts)

Cow 400 270
Human 70 82
Sheep 45 50
Hen 2 4.8
Rat 0.3 1.45
Dove 0.16 0.97

PROBLEMS 357

14.12 On average, the surface area A of human beings is
related to weight W and height H. Measurements on a num-
ber of individuals of height 180 cm and different weights
(kg) give values of A (m2) in the following table:

W (kg) 70 75 77 80 82 84 87 90

A (m2) 2.10 2.12 2.15 2.20 2.22 2.23 2.26 2.30

Show that a power law A = aWb fits these data reasonably
well. Evaluate the constants a and b, and predict what the
surface area is for a 95-kg person.
14.13 Fit an exponential model to

x 0.4 0.8 1.2 1.6 2 2.3
y 800 985 1490 1950 2850 3600

Plot the data and the equation on both standard and semi-
logarithmic graphs with the MATLAB subplot function.
14.14 An investigator has reported the data tabulated below
for an experiment to determine the growth rate of bacteria
k (per d) as a function of oxygen concentration c (mg/L). It
is known that such data can be modeled by the following
equation:

k = kmaxc2

cs + c2

where cs and kmax are parameters. Use a transformation to
linearize this equation. Then use linear regression to esti-
mate cs and kmax and predict the growth rate at c = 2 mg/L.

c 0.5 0.8 1.5 2.5 4
k 1.1 2.5 5.3 7.6 8.9

14.15 Develop an M-file function to compute descriptive
statistics for a vector of values. Have the function determine
and display number of values, mean, median, mode, range,
standard deviation, variance, and coefficient of variation. In
addition, have it generate a histogram. Test it with the data
from Prob. 14.3.
14.16 Modify the linregr function in Fig. 14.15 so that it
(a) computes and returns the standard error of the estimate,
and (b) uses the subplot function to also display a plot of
the residuals (the predicted minus the measured y) versus x.
14.17 Develop an M-file function to fit a power model.
Have the function return the best-fit coefficient α2 and
power β2 along with the r 2 for the untransformed model. In
addition, use the subplot function to display graphs of both
the transformed and untransformed equations along with the
data. Test it with the data from Prob. 14.11.
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14.18 The following data show the relationship between the
viscosity of SAE 70 oil and temperature. After taking the log
of the data, use linear regression to find the equation of the
line that best fits the data and the r 2 value.

Temperature, °C 26.67 93.33 148.89 315.56
Viscosity, μ, N·s/m2 1.35 0.085 0.012 0.00075

14.19 You perform experiments and determine the follow-
ing values of heat capacity c at various temperatures T for a
gas:

T −50 −30 0 60 90 110
c 1250 1280 1350 1480 1580 1700

Use regression to determine a model to predict c as a func-
tion of T.
14.20 It is known that the tensile strength of a plastic in-
creases as a function of the time it is heat treated. The fol-
lowing data are collected:

Time 10 15 20 25 40 50 55 60 75
Tensile Strength 5 20 18 40 33 54 70 60 78

(a) Fit a straight line to these data and use the equation to
determine the tensile strength at a time of 32 min.

(b) Repeat the analysis but for a straight line with a zero
intercept.

14.21 The following data were taken from a stirred tank re-
actor for the reaction A → B. Use the data to determine the
best possible estimates for k01 and E1 for the following
kinetic model:

−d A

dt
= k01e−E1/RT A

where R is the gas constant and equals 0.00198 kcal/mol/K.

−dA/dt (moles/L/s) 460 960 2485 1600 1245
A (moles/L) 200 150 50 20 10
T (K) 280 320 450 500 550

14.22 Concentration data were collected at 15 time points
for the polymerization reaction:

x A + y B → Ax By

We assume the reaction occurs via a complex mechanism
consisting of many steps. Several models have been hypoth-
esized, and the sum of the squares of the residuals had been
calculated for the fits of the models of the data. The results

358 LINEAR REGRESSION

are shown below. Which model best describes the data (sta-
tistically)? Explain your choice.

Model A Model B Model C

Sr 135 105 100
Number of Model

Parameters Fit 2 3 5

14.23 Below are data taken from a batch reactor of bacterial
growth (after lag phase was over). The bacteria are allowed
to grow as fast as possible for the first 2.5 hours, and then
they are induced to produce a recombinant protein, the pro-
duction of which slows the bacterial growth significantly.
The theoretical growth of bacteria can be described by

d X

dt
= μX

where X is the number of bacteria, and μ is the specific
growth rate of the bacteria during exponential growth. Based
on the data, estimate the specific growth rate of the bacteria
during the first 2 hours of growth and during the next 4 hours
of growth.

Time,
h 0 1 2 3 4 5 6

[Cells],
g/L 0.100 0.335 1.102 1.655 2.453 3.702 5.460

14.24 A transportation engineering study was conducted to
determine the proper design of bike lanes. Data were gath-
ered on bike-lane widths and average distance between bikes
and passing cars. The data from 9 streets are

Distance, m 2.4 1.5 2.4 1.8 1.8 2.9 1.2 3 1.2
Lane Width, m 2.9 2.1 2.3 2.1 1.8 2.7 1.5 2.9 1.5

(a) Plot the data.
(b) Fit a straight line to the data with linear regression. Add

this line to the plot.
(c) If the minimum safe average distance between bikes and

passing cars is considered to be 1.8 m, determine the
corresponding minimum lane width.

14.25 In water-resources engineering, the sizing of reser-
voirs depends on accurate estimates of water flow in the
river that is being impounded. For some rivers, long-term
historical records of such flow data are difficult to obtain. In
contrast, meteorological data on precipitation are often
available for many years past. Therefore, it is often useful to
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determine a relationship between flow and precipitation.
This relationship can then be used to estimate flows for
years when only precipitation measurements were made.
The following data are available for a river that is to be
dammed:

Precip., 
cm/yr 88.9 108.5 104.1 139.7 127 94 116.8 99.1

Flow, 
m3/s 14.6 16.7 15.3 23.2 19.5 16.1 18.1 16.6

(a) Plot the data. 
(b) Fit a straight line to the data with linear regression.

Superimpose this line on your plot. 
(c) Use the best-fit line to predict the annual water flow if

the precipitation is 120 cm. 
(d) If the drainage area is 1100 km2, estimate what fraction

of the precipitation is lost via processes such as evapo-
ration, deep groundwater infiltration, and consumptive
use.

14.26 The mast of a sailboat has a cross-sectional area of
10.65 cm2 and is constructed of an experimental aluminum
alloy. Tests were performed to define the relationship be-
tween stress and strain. The test results are

Strain, 
cm/cm 0.0032 0.0045 0.0055 0.0016 0.0085 0.0005

Stress, 
N/cm2 4970 5170 5500 3590 6900 1240

The stress caused by wind can be computed as F/Ac where F =
force in the mast and Ac = mast’s cross-sectional area. This
value can then be substituted into Hooke’s law to determine
the mast’s deflection, �L = strain × L, where L = the
mast’s length. If the wind force is 25,000 N, use the data to
estimate the deflection of a 9-m mast.
14.27 The following data were taken from an experiment
that measured the current in a wire for various imposed
voltages:

V, V 2 3 4 5 7 10
i, A 5.2 7.8 10.7 13 19.3 27.5

(a) On the basis of a linear regression of this data, determine
current for a voltage of 3.5 V. Plot the line and the data
and evaluate the fit. 

(b) Redo the regression and force the intercept to be zero.

PROBLEMS 359

14.28 An experiment is performed to determine the % elon-
gation of electrical conducting material as a function of tem-
perature. The resulting data are listed below. Predict the %
elongation for a temperature of 400 °C.

Temperature, °C 200 250 300 375 425 475 600
% Elongation 7.5 8.6 8.7 10 11.3 12.7 15.3

14.29 The population p of a small community on the out-
skirts of a city grows rapidly over a 20-year period:

t 0 5 10 15 20
p 100 200 450 950 2000

As an engineer working for a utility company, you must
forecast the population 5 years into the future in order to an-
ticipate the demand for power. Employ an exponential
model and linear regression to make this prediction.
14.30 The velocity u of air flowing past a flat surface is
measured at several distances y away from the surface. Fit a
curve to this data assuming that the velocity is zero at the
surface (y = 0). Use your result to determine the shear stress
(du/dy) at the surface. 

y, m 0.002 0.006 0.012 0.018 0.024
u, m/s 0.287 0.899 1.915 3.048 4.299

14.31 Andrade’s equation has been proposed as a model of
the effect of temperature on viscosity:

μ = DeB/Ta

where μ = dynamic viscosity of water (10–3 N·s/m2), Ta =
absolute temperature (K), and D and B are parameters. Fit
this model to the following data for water:

T 0 5 10 20 30 40
μ 1.787 1.519 1.307 1.002 0.7975 0.6529

14.32 Perform the same computation as in Example 14.2,
but in addition to the drag coefficient, also vary the mass
uniformly by ±10%.
14.33 Perform the same computation as in Example 14.3,
but in addition to the drag coefficient, also vary the mass
normally around its mean value with a coefficient of varia-
tion of 5.7887%.
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14.34 Manning’s formula for a rectangular channel can be
written as

Q = 1

nm

(B H)5/3

(B + 2H)2/3

√
S

where Q = flow (m3/s), nm = a roughness coefficient, B =
width (m), H = depth (m), and S = slope. You are applying
this formula to a stream where you know that the width = 20 m
and the depth = 0.3 m. Unfortunately, you know the rough-
ness and the slope to only a ±10% precision. That is, you
know that the roughness is about 0.03 with a range from 0.027
to 0.033 and the slope is 0.0003 with a range from 0.00027
to 0.00033. Assuming uniform distributions, use a Monte
Carlo analysis with n = 10,000 to estimate the distribution
of flow.

360 LINEAR REGRESSION

14.35 A Monte Carlo analysis can be used for optimization.
For example, the trajectory of a ball can be computed with

y = (tanθ0)x − g

2v2
0 cos2θ0

x2 + y0 (P14.35)

where y = the height (m), θ0 = the initial angle (radians),
v0 = the initial velocity (m/s), g = the gravitational constant =
9.81 m/s2, and y0 = the initial height (m). Given y0 = 1 m,
v0 = 25 m/s, and θ0 = 50o, determine the maximum height
and the corresponding x distance (a) analytically with calcu-
lus and (b) numerically with Monte Carlo simulation. For
the latter, develop a script that generates a vector of 10,000
uniformly-distributed values of x between 0 and 60 m. Use
this vector and Eq. P14.35 to generate a vector of heights.
Then, employ the max function to determine the maximum
height and the associated x distance. 
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376 GENERAL LINEAR LEAST-SQUARES AND NONLINEAR REGRESSION

relative error for your prediction. Explain possible causes for
the discrepancy.
15.7 As compared with the models from Probs. 15.5 and
15.6, a somewhat more sophisticated model that accounts
for the effect of both temperature and chloride on dis-
solved oxygen saturation can be hypothesized as being of
the form

o = f3(T ) + f1(c)

That is, a third-order polynomial in temperature and a linear
relationship in chloride is assumed to yield superior results.
Use the general linear least-squares approach to fit this
model to the data in Table P15.5. Use the resulting equation
to estimate the dissolved oxygen concentration for a chloride
concentration of 15 g/L at T = 12 ◦C. Note that the true
value is 9.09 mg/L. Compute the percent relative error for
your prediction.
15.8 Use multiple linear regression to fit

x1 0 1 1 2 2 3 3 4 4
x2 0 1 2 1 2 1 2 1 2
y 15.1 17.9 12.7 25.6 20.5 35.1 29.7 45.4 40.2

Compute the coefficients, the standard error of the estimate,
and the correlation coefficient.
15.9 The following data were collected for the steady flow
of water in a concrete circular pipe:

Experiment Diameter, m Slope, m/m Flow, m3/s

1 0.3 0.001 0.04
2 0.6 0.001 0.24
3 0.9 0.001 0.69
4 0.3 0.01 0.13
5 0.6 0.01 0.82
6 0.9 0.01 2.38
7 0.3 0.05 0.31
8 0.6 0.05 1.95
9 0.9 0.05 5.66

Use multiple linear regression to fit the following model to
this data:

Q = α0 Dα1 Sα2

where Q = flow, D = diameter, and S = slope.
15.10 Three disease-carrying organisms decay exponen-
tially in seawater according to the following model:

p(t) = Ae−1.5t + Be−0.3t + Ce−0.05t

Estimate the initial concentration of each organism (A, B,
and C) given the following measurements:

t 0.5 1 2 3 4 5 6 7 9
p(t) 6 4.4 3.2 2.7 2 1.9 1.7 1.4 1.1

15.11 The following model is used to represent the effect of
solar radiation on the photosynthesis rate of aquatic plants:

P = Pm
I

Isat
e− I

Isat
+1

where P = the photosynthesis rate (mg m−3d−1),Pm = the
maximum photosynthesis rate (mg m−3d−1), I = solar
radiation (μE m−2s−1), and Isat = optimal solar radiation
(μE m−2s−1). Use nonlinear regression to evaluate Pm and
Isat based on the following data:

I 50 80 130 200 250 350 450 550 700
P 99 177 202 248 229 219 173 142 72

15.12 The following data are provided 

x 1 2 3 4 5
y 2.2 2.8 3.6 4.5 5.5

TABLE P15.5 Dissolved oxygen concentration in
water as a function of temperature
(◦C) and chloride concentration (g/L).

Dissolved Oxygen (mg/L) for 
Temperature (◦C) and Concentration 

of Chloride (g/L)

T, °C c = 0 g/L c = 10 g/L c = 20 g/L

0 14.6 12.9 11.4
5 12.8 11.3 10.3

10 11.3 10.1 8.96
15 10.1 9.03 8.08
20 9.09 8.17 7.35
25 8.26 7.46 6.73
30 7.56 6.85 6.20

cha01102_ch15_361-379.qxd  12/17/10  8:16 AM  Page 376



PROBLEMS 377

Fit the following model to this data using MATLAB and the
general linear least-squares model

y = a + bx + c

x

15.13 In Prob. 14.8 we used transformations to linearize
and fit the following model:

y = α4xeβ4x

Use nonlinear regression to estimate α4 and β4 based on the
following data. Develop a plot of your fit along with the data.

x 0.1 0.2 0.4 0.6 0.9 1.3 1.5 1.7 1.8
y 0.75 1.25 1.45 1.25 0.85 0.55 0.35 0.28 0.18

15.14 Enzymatic reactions are used extensively to charac-
terize biologically mediated reactions. The following is an
example of a model that is used to fit such reactions:

v0 = km[S]3

K + [S]3

where v0 = the initial rate of the reaction (M/s), [S] = the
substrate concentration (M), and km and K are parameters.
The following data can be fit with this model:

[S], M v0, M/s

0.01 6.078 × 10−11

0.05 7.595 × 10−9

0.1 6.063 × 10−8

0.5 5.788 × 10−6

1 1.737 × 10−5

5 2.423 × 10−5

10 2.430 × 10−5

50 2.431 × 10−5

100 2.431 × 10−5

(a) Use a transformation to linearize the model and evaluate
the parameters. Display the data and the model fit on a
graph.

(b) Perform the same evaluation as in (a) but use nonlinear
regression.

15.15 Given the data

x 5 10 15 20 25 30 35 40 45 50
y 17 24 31 33 37 37 40 40 42 41

use least-squares regression to fit (a) a straight line, (b) a
power equation, (c) a saturation-growth-rate equation, and
(d) a parabola. For (b) and (c), employ transformations to
linearize the data. Plot the data along with all the curves. Is
any one of the curves superior? If so, justify.
15.16 The following data represent the bacterial growth in a
liquid culture over of number of days:

Day 0 4 8 12 16 20
Amount ×

106 67.38 74.67 82.74 91.69 101.60 112.58

Find a best-fit equation to the data trend. Try several
possibilities—linear, quadratic, and exponential. Determine
the best equation to predict the amount of bacteria after
30 days.
15.17 Dynamic viscosity of water μ(10–3 N · s/m2) is re-
lated to temperature T (◦C) in the following manner:

T 0 5 10 20 30 40
μ 1.787 1.519 1.307 1.002 0.7975 0.6529

(a) Plot this data. 
(b) Use linear interpolation to predict μ at T = 7.5 °C.
(c) Use polynomial regression to fit a parabola to the data in

order to make the same prediction.
15.18 Use the following set of pressure-volume data to find
the best possible virial constants (A1 and A2) for the follow-
ing equation of state. R = 82.05 mL atm/gmol K, and T =
303 K.

PV

RT
= 1 + A1

V
+ A2

V 2

P (atm) 0.985 1.108 1.363 1.631
V (mL) 25,000 22,200 18,000 15,000

15.19 Environmental scientists and engineers dealing with
the impacts of acid rain must determine the value of the
ion product of water Kw as a function of temperature. Scien-
tists have suggested the following equation to model this
relationship:

− log10 Kw = a

Ta
+ b log10 Ta + cTa + d

where Ta = absolute temperature (K), and a, b, c, and d are
parameters. Employ the following data and regression to
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estimate the parameters with MATLAB. Also, generate a
plot of predicted Kw versus the data.

T (°C) Kw

0 1.164 × 10−15

10 2.950 × 10−15

20 6.846 × 10−15

30 1.467 × 10−14

40 2.929 × 10−14

15.20 The distance required to stop an automobile consists
of both thinking and braking components, each of which is a
function of its speed. The following experimental data were
collected to quantify this relationship. Develop best-fit equa-
tions for both the thinking and braking components. Use
these equations to estimate the total stopping distance for a
car traveling at 110 km/h.

Speed, km/h 30 45 60 75 90 120
Thinking, m 5.6 8.5 11.1 14.5 16.7 22.4
Braking, m 5.0 12.3 21.0 32.9 47.6 84.7

15.21 An investigator has reported the data tabulated below.
It is known that such data can be modeled by the following
equation

x = e(y−b)/a

where a and b are parameters. Use nonlinear regression to
determine a and b. Based on your analysis predict y at x = 2.6.

x 1 2 3 4 5
y 0.5 2 2.9 3.5 4

15.22 It is known that the data tabulated below can be mod-
eled by the following equation

y =
(

a + √
x

b
√

x

)2

Use nonlinear regression to determine the parameters a and b.
Based on your analysis predict y at x = 1.6.

x 0.5 1 2 3 4
y 10.4 5.8 3.3 2.4 2

15.23 An investigator has reported the data tabulated below
for an experiment to determine the growth rate of bacteria k
(per d), as a function of oxygen concentration c (mg/L). It is
known that such data can be modeled by the following
equation:

k = kmaxc2

cs + c2

Use nonlinear regression to estimate cs and kmax and predict
the growth rate at c = 2 mg/L.

c 0.5 0.8 1.5 2.5 4
k 1.1 2.4 5.3 7.6 8.9

15.24 A material is tested for cyclic fatigue failure whereby
a stress, in MPa, is applied to the material and the number of
cycles needed to cause failure is measured. The results are in
the table below. Use nonlinear regression to fit a power
model to this data.

N, cycles 1 10 100 1000 10,000 100,000 1,000,000
Stress, 
MPa 1100 1000 925 800 625 550 420

15.25 The following data shows the relationship between
the viscosity of SAE 70 oil and temperature. Use nonlinear
regression to fit a power equation to this data.

Temperature, T, °C 26.67 93.33 148.89 315.56
Viscosity, μ, N·s/m2 1.35 0.085 0.012 0.00075

15.26 The concentration of E. coli bacteria in a swimming
area is monitored after a storm:

t (hr) 4 8 12 16 20 24
c(CFU/100 mL) 1590 1320 1000 900 650 560

The time is measured in hours following the end of the storm
and the unit CFU is a “colony forming unit.” Employ non-
linear regression to fit an exponential model (Eq. 14.22) to
this data. Use the model to estimate (a) the concentration at
the end of the storm (t = 0) and (b) the time at which the
concentration will reach 200 CFU/100 mL.
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15.27 Use the following set of pressure-volume data to
find the best possible virial constants (A1 and A2) for the
equation of state shown below. R = 82.05 mL atm/gmol K
and T = 303 K.

PV

RT
= 1 + A1

V
+ A2

V 2

P (atm) 0.985 1.108 1.363 1.631
V (mL) 25,000 22,200 18,000 15,000

15.28 Three disease-carrying organisms decay exponentially
in lake water according to the following model:

p(t) = Ae−1.5t + Ae−0.3t + Ae−0.05t

Estimate the initial population of each organism (A, B,
and C) given the following measurements:

t, hr 0.5 1 2 3 4 5 6 7 9
p(t) 6.0 4.4 3.2 2.7 2.2 1.9 1.7 1.4 1.1
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